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Abstract

Animals traveling in groups yield many benefits, such as security against predators and energy efficiency, and understanding
this behavior could have key applications to fields like robotics. To model all realistic schools of fish, computational models
must accommodate hundreds of millions of fish, but current simulations are limited to very small group sizes because the passive
hydrodynamic model of fish is an N -body problem. Thus, FINDS, or the Fish INteraction and Dynamics Simulator, was developed
from the source/sink-dipole model developed by Mabrouk and Floryan to streamline simulations using standard N -body algorithms.
First, FINDS contains routines for computing the time-derivative of a school through brute force computation, the Barnes-Hut
approximation, and the fast multipole method; several adaptive and non-adaptive Runge-Kutta numerical integration methods
from first to sixth order; a small library of post-processing modules for reading, writing, and analyzing the simulation datasets;
and simple yet powerful interfaces for defining precise initial conditions for a wide variety of simulations using direct calculations
or configuration files. FINDS is validated graphically and numerically against past simulations performed by Mabrouk and
Floryan, proving that it is computationally equivalent (within the expected error of the Barnes-Hut and fast multipole methods)
while being considerably more efficient.

1 Introduction
Synchronous mass movement is a common pattern through-
out nature, observed most commonly in the movement of
smaller animals or prey animals such as birds, fish, bugs,
oxen, deer, etc. due to the multitude of benefits that mem-
bers of such groups gain [1, 2]. As summarized by Mabrouk
and Floryan 2024 and 2025, members of schools of fish gain
major advantages in individual fitness due to various effects
resulting from existing in a group rather than as an individ-
ual, including (but not limited to) stronger shielding from
predators, improved navigation, eased access to reproduc-
tion, and most importantly, a greater energy efficiency during
travel [3, 4]. As such, scientists and engineers developing
analogous technologies like drones are keenly interested in
understanding this behavior so that it can be replicated in
swarming robots for purposes such as agriculture, infrastruc-
ture development and maintenance, and military operations
[5].

In the case of schools of fish, prior models have largely
focused on behavioral causes of group cohesion, but these
models typically fail to explain the effect of passive hydrody-
namics in maintaining the flow of these systems [6, 7]. For
this reason, models of swimmers as dipoles in free space have
been developed to model this passive hydrodynamic inter-
action, such as Mabrouk and Floryan’s source/sink-dipole
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Tchieu et al.’s vortex-dipole models [3, 4, 8].
However, the larger issue with modeling groups of inter-

acting swimmers is computational rather than theoretical, be-
cause models containing non-hierarchical interactions where
every member of the system affects every other member (i.e.,
models that are not simply “following the leader” with a cen-
tral member or a set of central members that determine the
entirety of the group’s motion) form an N -body problem. In
particular, dipole models compute interactions from each of
the poles of each swimmer to each of the poles of each other
swimmer individually, and thus, a simulation of N swim-
mers becomes analogous to a particle simulation problem
for 2N particles with 4N2 interactions on every differential
time-step. This severely limits the size of schools that can
be studied computationally, and as such, most if not all of
the past research utilizing dipole models of swimmers has
focused on systems at or below 100,000 swimmers.

Given that real schools of fish have been estimated to con-
tain upwards of 250 million swimmers, an approximation
method to reduce the computational complexity of this sim-
ulation from O(N2) to O(N logN) or O(N) is necessary
to explore group cohesion due to passive hydrodynamics in
massive systems [9]. Luckily, the problem of reducing the
computational complexity of N -body particle simulations
has been thoroughly studied across the fields of molecular dy-
namics, computational electromagnetics, gravitational astro-
physics, and more [10], and this has yielded algorithms such
as the Barnes-Hut algorithm and the fast multipole method
that simplify calculations by distinguishing between close and
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far particles and using clustered approximations for far-field
interactions [10, 11, 12].

2 Mathematical Model of Swimmers
FINDS is developed around the Mabrouk and Floryan’s
source/sink dipole model for far-field interactions [3, 4]. Un-
der this model, each fish i is defined as a dipole consisting
of a fluid source at the head of the fish x̂f,i, and a fluid sink
at the tail x̂b,i, separated by the length of the fish ℓi. The
source and the sink of each fish are defined to have the same
volumetric flow rate, σi, to ensure the conservation of fluid
by making the sinks consume exactly the same amount of
fluid as the sources. For simplicity, the source and sink (or
“front” and “back”) of each fish are called its “features.”

Each fish is defined as an eight-dimensional vector consist-
ing of four variables: x⃗c,i, the three-dimensional center-of-
mass position vector, n̂i, the three-dimensional orientation
unit vector, ℓi, and σi. Together, the collection of each of
these fish vectors at a given time forms the state vector X⃗.

Figure 1: Visualization of the model for a given swimmer. Taken
from Mabrouk and Floryan 2024 [3].

In particular, x⃗c,i and n̂i are dynamic and ℓi and σi are
constant for each fish i. This formalism leaves the transla-
tional and rotational dynamics for each fish as the system of
two coupled first-order differential equations concerning x⃗c,i

and n̂i respectively. With this, the derivatives of each are
defined as

dx⃗c,i

dt
=

1

2

(
dx⃗f,i

dt
+

dx⃗b,i

dt

)
(1)

dn̂i

dt
=

∆v⃗i + 2λin̂i

ℓi
(2)

where

λi =
∆v⃗i · n̂i

2
(3)

is a Lagrange multiplier to ensure that ℓi is kept constant, and

∆v⃗i =
dx⃗f,i

dt
− dx⃗b,i

dt
. (4)

With this, the translational and rotational dynamics for each
fish are variably dependent on the translational derivatives of
the source and sink for each fish, and this reduces the problem
of modeling fish to an analogous problem of simple Lapla-
cian particle dynamics based on treating the sources and sinks
as individual particles with charge σi. Under this lens, the
potential function resulting from a particle is the charge mul-
tiplied by Green’s function for the three-dimensional Laplace
equation,

Φi(r) = σiG(r) = − σi

4πr
. (5)

However, as this model is designed for far-field interac-
tions, it becomes unphysical for small distances, as infinitely
small distances produce infinitely large potential. To solve
this problem, Mabrouk and Floryan reformulated this poten-
tial with a regularization parameter ε1, defined as

Φi,ε(r) = Φi(r) erf(r/ε). (6)

From the potential functions, the velocity field resulting
from any source or sink is defined as the gradient of the
potential function

u⃗i(⃗r) = ∇Φi =
σi

4π

r⃗

r3
(7)

u⃗i,ε(⃗r) = ∇Φi,ε = u⃗i(⃗r)ξε(r) (8)

where ξε(r) is the regularization coefficient

ξε(r) = erf(r/ϵ)− 2r

ε
√
π
exp

(
−r2

ε2

)
. (9)

With the velocity fields well-defined, the velocity of a
given source or sink α can be defined generally as

dx⃗α,i

dt
= Uin̂i +

N∑
i ̸=j

[
u⃗j (⃗rαf )− u⃗j (⃗rαb)

]
. (10)

where the first term is the internal velocity contribution and
the second term is the external velocity contribution. In detail,

Ui =
σi

4πℓ2i
(11)

is the self-propelled speed resulting from the interaction be-
tween any source-sink pair of a dipole, and the second term
represents the sum of the velocity contribution to a source or
sink from a dipole, where

r⃗αβ = x⃗α,i − x⃗β,j (12)

is the displacement between feature α of fish i and feature β

of fish j. In the case of regularization, u⃗j is simply replaced
with u⃗j,ε.

1 Mabrouk and Floryan, personal communication, July 2026.

2



FINDS: The Fish INteraction and Dynamics Simulator

3 Derivative Computation
As stated previously, the modelling of fish is an N -body prob-
lem where the algorithmic complexity of computing a deriva-
tive is, through Brute-Force calculations, of order O(N2). To
reduce this computation time, two tree-based approximation
algorithms are implemented: the Barnes-Hut algorithm and
the Fast Multipole Method, of orders O(N logN) and O(N)

respectively [11, 12].
Brute force computation and the Barnes-Hut approxima-

tion are implemented directly into the FINDS code-base, and
as such, the user has the ability to switch between unregu-
larized and regularized calculations with ease. However, the
Fast-Multipole Method is computed externally using Green-
gard et al.’s Fast Multipole Method library FMM3D, which
will only compute the standard Laplacian gradient u⃗i, so the
Fast-Multipole Method cannot be used with regularization
[13]. Additionally, all three methods are optionally CPU-
parallelized using OpenMP [14].

Method Complexity Parameter
Brute Force O(N2) None
Barnes-Hut O(N logN) θ

FMM O(N) ϵ

Table 1: A table summarizing each of the derivative computation
methods. θ is similarly referred to as the “approximation ratio”
and ϵ is the numerical precision, and both parameters determine
the precision with which each derivative is calculated (with lower
values producing more precise measurements).

3.1 The Barnes-Hut Approximation
As described by Barnes and Hut, the Barnes-Hut algorithm
computes 3-dimensional pairwise interactions in O(N logN)

time by constructing a space-partitioning octree that clusters
swimmers that are sufficiently far away from each test swim-
mer [11].

3.1.1 Linear Octree Construction

FINDS implements a linear octree, or aligned arrays for each
node parameter where each array index corresponds to a node
in the tree. In particular, each node stores information on both
the node itself and the data stored within this node [15, 16].
With regard to the node overall, it stores its center position,
x⃗i, the side length of the node, si, and indices to its child
nodes. With regard to the data stored within this node, the
node stores the number of swimmers that are being averaged
out in this node ni, the total volumetric flow rate,

ζj =

ni∑
j=0

σj (13)

Figure 2: Top: An example octree constructed in three-dimensional
space to partition twenty points, constructed with an arbitrary inser-
tion order. Bottom: The same octree, represented two-dimensionally.

and weighted sums for the position, orientation, and length.
Each sum is weighted by the volumetric flow rate (which can
be analogously thought of as the charge or mass in Coulom-
bic or gravitational N -body dynamics), so that the average
position, orientation, and length is produced by dividing by
the total volumetric flow rate,

x⃗c,i = ζ−1
j

ni∑
j=0

x⃗c,jσj (14)

n̂i = ζ−1
j

ni∑
j=0

n̂jσj (15)

ℓi = ζ−1
j

ni∑
j=0

ℓjσj (16)

where i in this context refers to the node index within the
octree lists and j refers to the index of each swimmer stored
within this node. This architecture was chosen due to its
traversal efficiency when sorted according to a space-filling
curve, as this would keep physically close nodes close to-
gether in memory, which maximizes cache locality [15, 16].

Construction of the Linear Octree begins by taking a sys-
tem of swimmers X⃗ and computing vectors containing min-
imum and maximum values along each dimension for the
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system, or

x⃗min = ⟨minx,miny,min z⟩ (17)

x⃗max = ⟨maxx,maxy,max z⟩ (18)

where x contains all of the x-values for the position of every
swimmer in the system, y, the y-values, and z, the z-values.
Then, the center position of the root is defined as

x⃗0 =
x⃗min + x⃗max

2
(19)

and the side length for the root node is computed as the
maximum component of their difference, or

s0 = max(x⃗max − x⃗min). (20)

Next, each of the swimmers in the system need to be
mapped to a space-filling curve to know what order to insert
the nodes such that physically close swimmers are inserted
in order. To accomplish this task, the 3-D position of each
swimmer is mapped to a Morton curve localized to a relative
origin point for the tree chosen as minimum position for the
root node’s bounding cube, or

x⃗O = x⃗0 −
s0
2
1⃗3. (21)

This is done to ensure that the position of every swimmer
can be described using only positive numbers. Then, the
position of each swimmer is truncated to an integer and a
Morton number corresponding to this position is produced by
interleaving the binary coordinate values using bit-shifting
operations. Note that this operation implicitly assumes that
the three numbers going in are each a maximum of 21 bits
such that the output Morton number is 64-bit, and this integer-
sizing has significant consequences (see section 11).

Then, a position-local array of swimmer indices is pro-
duced by first building an in-order list of indices (0, 1, . . . , N)

corresponding to the indices for each swimmer in X⃗, then
arranging it according to the quick-sorted order of the corre-
sponding Morton numbers for each swimmer position. Then,
the linear octree is constructed recursively by defining each
node region with the center position x⃗j , side length sj , tree
depth dj , and the corresponding index range of the swimmer
array encompassing all of the swimmers that fall within this
node. For example, for the root node, the center position is
x⃗0, the side length is s0, and the range of enclosed swim-
mers is [0, N ]. Then, for each swimmer contained within
this range, the center-of-mass position x⃗c,j , orientation n̂j ,
length ℓj , and volumetric flow rate σj are added accordingly
to the corresponding weighted sums as stated previously, and
then the weighted average source and sink positions are com-
puted for this node based on the weighted average position,
orientation, and length.

Next, the recursion is continued to child nodes, if any. If
the range of swimmers that falls within this node is one or no
swimmers, then the recursion ends here. If there are two or
more swimmers within this octant, then this node cannot be a
leaf, and this node is then subdivided into eight child octants.
Each child octant is denoted by an index o from 0 to 7, and
for each child octant, the range of node indices which should
fall within the child octant is computed based on performing
bit-shift operations on the associated Morton indices. This
range is half-open, so if the start and end are equal, then no
swimmers are located within the child node, and a new child
node will only be added to the tree recursively if there are
any swimmers located within the node. Otherwise, the child
node is skipped.

In the case that a new child node is added, its side length
sj,o is the side length of the current node divided by two,

sj,o = sj/2, (22)

and its center position is computed based on its index, o, as

x⃗j,o = x⃗j +
sj
4

f(o & 1)

f(o & 2)

f(o & 4)

 (23)

where

f(x) =

{
1 if x = 1

−1 if x = 0
. (24)

The binary representation of o can also be interpreted as
a relative ordering on each axis between the center position
of the parent node and the child octant. In order, the bits
correspond with the z, y, and x-axes respectively, and 1 and
0 correspond with the center position of the child octant
along a given dimension being greater than and less than or
equal to that of the parent node for that dimension. Then,
for each dimension, if the child position is less than or equal
to the parent, then the child’s center position is offset by
−sj/4. Otherwise, the child’s center position is offset by
sj/4 along that axis. For example, the index o = 5 has binary
representation 101, and this corresponds with +sj/4 on the
z-axis, −sj/4 on the y-axis, and +sj/4 on the x-axis.

3.1.2 Barnes-Hut Velocity Computation

Once constructed, the velocity contribution is computed in
O(N logN) time by performing a depth-first tree traversal on
the linear octree. We can notate the test swimmer to compute
the velocity for as a, the tree index for a given node as i, the
weighted average (or composite) swimmer for index i as bi,
and the Barnes-Hut minimum approximation ratio supplied
by the user as θ.

Beginning from the root node, if the current node is a leaf
(ni = 1) and the position for swimmer bi is not approximately
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equal to the position of swimmer a (within a precision of
10−15 to account for floating-point errors) then the velocity
contributions are computed immediately via equation 10, and
the recursion is ended.

Otherwise, the size-to-distance ratio ϕi is computed for
this node as

ϕi =
si
dabi

(25)

where d is the distance from swimmer a to average swimmer
bi,

dabi =
∥∥∥x⃗c,a − x⃗c,bi

∥∥∥. (26)

Then, if ϕi < θ, then the composite swimmer bi is said to
be close to swimmer a, and the velocity contributions are
computed immediately via equation 10 and the recursion
ends [11]. If ϕi ≥ θ, then composite swimmer bi is said to
be far from swimmer a, and we recurse into each of the child
nodes of node i [11].

3.2 The Fast Multipole Method (FMM)
As described by Greengard and Rokhlin, the fast multipole
method similarly uses tree construction to compute the veloc-
ity field as the gradient of the potential field approximated
via a multipole expansion of order p(ϵ) where ϵ (not to be
confused with ε defined above) is the user-defined floating-
point precision for the calculation [12]. As stated previously,
the implementation of the fast multipole method is not a part
of FINDS, but rather, the library FMM3D by Greengard et al.
is used to compute the Laplacian gradient,

u⃗(x⃗) ≈ ∇

 N∑
j=1

σj

4π∥x⃗− x⃗j∥

 (27)

for each source/sink using the function lfmm3d_t_c_g
[13]. In essence, this computation is based on treating the
source and sink for each dipole as independent particles rather
than members of a dipole, so to compute only the external
interaction, each source/sink has to have its velocity corrected
for double-counting the interaction with its pair. However,
this is negligible compared to the overall calculation, as this
is computed in O(N) time overall, so the overall runtime is
still O(N).

3.3 Derivative Calculation Performance Eval-
uation

As shown through table 1, the three derivative calculation
methods employed in FINDS each have a distinct runtime
complexity as a function of N , and therefore, have specific
ranges of N for which they are the most effective due to
their individual scaling orders and proportionality constants.
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Figure 3: A logarithmic-scale runtime comparison plot for each
derivative computation method when parallelized using an eight-
core CPU.

These relationships (with eight-core parallelization) can be
seen in figure 3, which displays the following conclusions
regarding their runtime relationships:

1. The fast multipole method has a much higher propor-
tionality coefficient k on average than Brute-Force cal-
culation and the Barnes-Hut approximation, making
it far slower than both methods at low N (roughly
N << 104).

2. Despite requiring the construction of an octree, the
Barnes-Hut approximation maintains an incredibly low
proportionality constant k (even less than that of brute
force in some cases) due to the incredible efficiency of
the Morton-sorted linear octree data structure.

3.3.1 Recommended Use-Cases for Each Computation
Method

Thus, combined with the accuracy limitation of the Barnes-
Hut algorithm discussed in section 11 and the inherent
strengths and weaknesses of each method previously dis-
cussed throughout section 3, we can determine ideal use-cases
for each derivative computation method.

First, the brute force computation is ideal for very low
N (N << 103) that are highly volatile (i.e., with many
near-field interactions) or require high accuracy over long
time periods. Brute-force computation is the gold-standard
for accuracy and reasonably fast for low N , and as such,
this scenario has been the main focus of prior fish-dipole
simulations [3, 4, 8].

Second, the Barnes-Hut approximation is ideal for fairly
large N (roughly 102 << N << 108) in non-volatile sys-
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tems (i.e., with predominantly far-field interactions) and over
smaller time scales, assuming the use of an approximation
within 0.1 < θ ≤ 1.0. Within this range of N and θ, the
Barnes-Hut approximation is incredibly fast, but due to the
added approximation error from Barnes-Hut, volatile sys-
tems will produce non-negligible error quickly and long time-
scales will cause this error to compound greatly.

Third, the fast multipole method is ideal for very large
N (roughly 105 << N ) regardless of volatility and for any
large N (roughly 103 << N ) for volatile systems due to its
high accuracy and fastest scaling law O(N). The leading
drawback of the fast multipole method is its proportionality
coefficient k leading to a much higher runtime at low N ,
where a direct calculation through brute force would be much
more efficient and equally (if not more) accurate.

4 Numerical Integration
As stated above, equations 1 and 2 form a system of cou-
pled first-order ordinary differential equations, and as such,
these can be integrated using convential first-order integration
schemes like Runge-Kutta methods. As such, FINDS imple-
ments a variety of variable-order adaptive and non-adaptive
methods of various order (as seen in table 2). The intent in
using both adaptive and non-adaptive integrators is to provide
end-users with a more exact, dynamic choice in computing
each subsequent integration step based on the specifics of
their initial system.

For example, highly volatile initial states likely require
incredibly precise calculations (and thus, very small time
steps), so users interested in observing the system at a much
larger evaluation time-step can use an adaptive integrator
which would separate the evaluation time step and the com-
putation time-step such that the computation is done at very
small time-scales δti 0 and the saved frames are those at the
evaluation time-steps.

Alternatively, highly stable systems likely don’t require
sensitive integration, and as such, non-adaptive integrators
are ideal as they keep the computation time step constant
at the evaluation time step, so the only time-frames that are
computed are the time-frames saved to disk.

Given a user-defined evaluation time step ∆t and an end
time tf0, the goal of the integration module is to return the
associated system states at the times {0,∆t, 2∆t, . . . , T∆t}
where

T = floor(tf0/∆t) (28)

is the number of time-steps in the simulation.
To do so, the simulation integrates over the time domain

of t ∈ [0, Tf ]. Non-adaptive integrators will hold the compu-
tation time-step δti (where, in this context, i is the time-step
index) constant as the evaluation time-step (δti = ∆t), and

Method Order Adaptive?
Forward Euler 1 No
RK2 2 No
RK4 4 No
RK5 5 No
RK6 6 No
Bogacki-Shampine RK3(2) 3 Yes, 2nd Order
Dormand-Prince RK5(4) 5 Yes, 4th Order

Table 2: List of the numerical integrators implemented in FINDS. If
it is adaptive, the error computation order is also included.

adaptive integrators will compute, for every time-state X⃗i

and δti, the advanced state X⃗i+1 and a new computation
time-step δti+1, computed as

δti+1 = δtiη

(
ξi
Ei

) 1
p

(29)

where η = 0.9 is a safety parameter and ξi is the tolerance,
computed as

ξi = γ + µmax
(∥∥∥X⃗i+1

∥∥∥,∥∥∥X⃗i

∥∥∥) (30)

where γ and µ are the user-specified absolute and relative
tolerance respectively, and Ei is the error of time-step i,
computed as

Ei =
∥∥∥X⃗p,i+1 − X⃗q,i+1

∥∥∥ (31)

where p is the computation order and q is the error order (for
example, for RK5(4), p = 5 and q = 4) and X⃗p,i refers to
the p-th order solution for step i [17].

5 Database Management

The evaluation times {0,∆t, 2∆t, . . . , Tf} and their corre-
sponding system states {X⃗1, X⃗2, . . . X⃗Tf

} are written out to
an HDF5 file using the format specified in table 3. HDF5 for-
mat was chosen over unstructured formats like raw binary due
to its simplicity and portability and over common plaintext
formats due to its efficiency and compactness [18].

This is achieved using FINDS’ internal “datastream” ob-
ject, which serves as a wrapper around the HDF5 API. The
intent of this simplistic layout is for FINDS databases to
be easily read using any valid HDF5 parser across any lan-
guage after performing a simulation, and this is employed
within FINDS to allow users to perform calculations quickly
in C with FINDS, store their calculation results efficiently
with HDF5, then open the data for analysis in C (using the
datastream module), Python, and more (see section 8).
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Path Dimensions Rank
/time T 1
/volumetric_flow_rate T ×N 2
/length T ×N 2
/position T ×N × 3 3
/orientation T ×N × 3 3

Table 3: The HDF5 layout for the FINDS databases. As defined
above, T is the number of time-steps for a given simulation and N

is the number of swimmers in the system of fish. The four bottom
rows represent all of the unique data for an evolution trajectory of a
system, or X⃗(t).

6 Initial System Creation

The goal of FINDS is to evolve an initial fish system state
X⃗0 to produce a trajectory, X⃗(t). Although the numerical
calculation, data storage, and post-processing routines as
described above are certainly important for studying school
behavior, the precise creation of specific starting states X⃗0 is
undoubtedly the most important task for producing effective
simulations. As such, FINDS offers a small but powerful
suite of options for producing various (mostly symmetric)
initial systems.

To begin, the most precise construction of a FINDS system
must be done directly. FINDS system objects are fundamen-
tally just variable-size lists of vectors, so end users desiring
systems that are highly asymmetrical or specific by directly
writing the data describing each swimmer, i.e., x⃗c,i, n̂i, σi,

and ℓi for every swimmer i.
For systems that are slightly more symmetric or general

(such as requiring simple 3-D geometries like cubes, balls,
or spheres), FINDS contains a streamlined process for gen-
erating them through initial conditions, transformations, and
combinations.

6.1 Initial Conditions

The initial conditions that describe a system are best under-
stood under three main categories: the distribution options,
which determine x⃗c,i, the orientation options, which deter-
mine n̂i, and the constant options, which determine σi and
ℓi.

Next, the orientation options determines how the orienta-
tion of each fish is determined, and this is generated after
the distribution as many of the orientations are dependent on
the position of each swimmer. After generating the starting
orientations based on the position of the swimmer as outlined
in table 5, orientations can also be randomly perturbed by
some maximum angle ϕ defined by the user to introduce some
random instability in the system. This perturbation is done by
randomly selecting a roll ϕx ∈ [−ϕ, ϕ], pitch ϕy ∈ [−ϕ, ϕ],

Type Parameters Description
Cube Side Length, Spacing Cubic Lattice
Sphere Radius, Spacing Fibonacci Sphere
Ball Radius, Spacing Ball Lattice
Random N , Absolute Bound Random Distribution

Table 4: The distribution options in FINDS and their associated pa-
rameters. Note that the “random” distribution produces N random
points within a cube centered at the origin that goes from −L to L

on every dimension where L is the absolute bound.

and yaw ϕz ∈ [−ϕ, ϕ], then rotates the orientations using the
3-dimensional rotation matrix

R(ϕx, ϕy, ϕz) = Rz(ϕz)Ry(ϕy)Rx(ϕx) (32)

where Ri(θ) is the associated rotation matrix for a a rotation
around axis i by angle θ.

Name Equation
Radial Inward −r⃗i
Radial Outward r⃗i
Swirl Inward −(sin θi+cos θi)x̂+(cos θi−sin θi)ŷ√

2

Swirl Outward − sin θix̂+ cos θiŷ

Saddle − sin θix̂− cos θiŷ

Aligned x̂

Table 5: The orientation options. Each equation describes the
un-normalized orientation of each swimmer, which is later nor-
malized θi = atan(yi/xi) and r⃗i is the position of swimmer i,
r⃗i = ⟨xi, yi, zi⟩.

Lastly, there are the constant generation options for the
length and volumetric flow rate for each swimmer. This is
essentially just whether these constants are set as one uniform
value for all swimmers. The user has the ability to select a
minimum and maximum value for each or a singular value to
apply to all of the swimmers.

6.2 Transformations and Combinations

To create more interesting systems (such as witnessing the in-
teraction between groups of pre-defined system geometries),
users can perform transformations and combinations on sys-
tems produced using the aforementioned initial conditions.
A simple analogy to this is like thinking of using the above
initial conditions to produce individual schools of fish, and
the overall system X⃗ describes all of the swimmers in the
simulation (so potentially multiple schools).

Two transformations are available in FINDS for systems:
rotation and translation. Given a system, users can rotate
a system given a roll ϕx, pitch ϕy, and yaw ϕz using the
3-dimensional rotation matrix R(ϕx, ϕy, ϕz) of equation 32,
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and users can translate a system using a translation vector
∆r⃗ = ⟨∆x,∆y,∆z⟩.

With these transformations, fish systems can also be copied
and combined to produce greater systems. For example, a
system of two colliding ball-shaped schools was produced in
the “collision” example (see section 10). To set up this initial
system: first, a ball of an arbitrary radius r and spacing is
produced with an aligned orientation, and this can be denoted
X⃗a. Then, this is copied to produce a second school X⃗b,
and then X⃗a is translated by 1.5rx̂ and X⃗b is translated by
−1.5rx̂. Lastly, X⃗b is rotated by ϕz = π, and the two
systems are combined into one overall initial system X⃗0,
and this is what is used for computations.

7 Simulation Configuration Files

For simple simulations (i.e., those that do not require specific,
complex starting systems as would need to be created manu-
ally as described under section 6), the simulate program
can be used for performing simulations from TOML configu-
ration files (which are processed using the TOMLC17 library)
[19, 20]. However, these files don’t allow for the creation
of complex compound systems using any transformations or
combinations. These files simplify the process of performing
simulations and storing or sharing the initial conditions of
a simulation. These files are split into four sections: “sys-
tem,” which describes the initial system generation options as
described above, “differentiation,” which describes the deriva-
tive computation method, “integration,” which describes the
integration method, and “debug,” which describes the debug
printing options (i.e., logging).

8 Post-Processing in Python

After running a simulation with FINDS,
the simulation will output a data file under
output/simulations/sim-.../data.h5 (where
... is the date and time of when the simulation was
run). As stated in section 5, users can directly read their
HDF5 database in the language of their choosing if they so
wish, but alternatively, to simplify the post-processing of
simulation data files, FINDS includes a simple framework
for performing post-processing data analysis in Python.
This is done using the process_data.py script. This
script works as the central module for post-processing by
controlling and executing “Processing Modules,” or objects
defined with an initialization function to executed before
reading the dataset, an update function to be executed
on each frame of the dataset, and a closing function to
be executed after reading the dataset. For example, the

AnimationGenerator module uses its initialization
function for initializing the MatPlotLib animation, its update
function for drawing a frame to the animation, and its closing
function for saving the figure. The full list of these modules
can be seen in table 6.

Name Purpose
Animation Gener-
ator

Generates an MP3 animation of the
system evolution.

Cross Section
Generator

Plots the xy, z = 0 plane at t = 0 if
any swimmers exist on it to PNG or
PDF.

Density Anima-
tion Generator

Generates an MP3 animation of the
radial density distribution from the
center-of-mass over time.

Mean Radial Dis-
tance Generator

Plots the mean and standard devia-
tion in the radial distance from the
center-of-mass as a function of time
to PNG or PDF.

Snapshot Genera-
tor

Plots the first, middle, and last
frames of the simulation (from Ani-
mationGenerator) to PNG or PDF.

Trajectory Plotter Plots the trajectories of each swim-
mer in the system in 3-D space to
PNG or PDF.

Table 6: A list of the default Python post-processing modules avail-
able in FINDS.

9 Validation
FINDS’ derivative calculation and integration methods were
validated for correctness through both unit testing and com-
parison with prior implementations of the source/sink dipole
model for swimmers. Unit tests were primarily used for
simple, easily-testable functions like data I/O, and the over-
all simulation behavior was validated visually and numeri-
cally against simulations produced using previous Python and
MATLAB implementations of the dipole model.

In particular, FINDS was validated in two dimensions by
reproducing figure 8 of Mabrouk and Floryan 2025, which
contains four scenarios of the trajectory evolution for two
coplanar (z = 0) swimmers based on the distances from their
centers of mass on the x and y axes and the angle between
their orientations ∆θ, and this can be observed in figure 4 [4].
Visually, these plots match, and as such, numerical validation
(by directly computing the difference between the expected
calculation and the observed calculation from FINDS) along-
side validation for a greater N and three-dimensional system
is needed, and this is done using the validation observed in
figure 5. This numerical computation is produced by calcu-
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lating an error score between the expected state X⃗t and the
produced state X⃗′

t for each time t as

Et =

√√√√ N∑
i=1

(∥∥x⃗c,i − x⃗′
c,i

∥∥2 + ∥n⃗i − n⃗′
i∥

2
)

(33)

where x⃗c,i and x⃗′
c,i are the expected and computed center of

mass position and n⃗i and n⃗′
i are the expected and computed

orientation for each swimmer i at time t.

As can be seen in figure 5, the error for the three coplanar
cases is entirely zero, showing that for two-dimensional, two-
swimmer simulations, the results of FINDS are entirely iden-
tical to those of previous implementations. However, in the
13-swimmer, three-dimensional case, only the brute-force and
fast multipole method calculations produce negligible error,
and the Barnes-Hut approximation produces non-negligible
error that compounds over the course of the simulation due to
the inherent approximation error in using a weighted average
dipole (see section 11).

10 Examples

FINDS comes with three basic examples of performing simu-
lations directly using the C API: collision.c, which
collides two schools of fish as described in section 6.1,
imploding_sphere.c, which produces a Fibonacci
sphere with a radial inward orientation which simulates an
implosion, and rotating_sphere.c, which produces a
ball that swirls outward and expands. To demonstrate the us-
age of FINDS in detail, we will describe, in full, the example
of the imploding sphere.

First, the initial state X⃗0 is generated with a radius r and
a spacing r/2. Each swimmer was given a uniform length
and volumetric flow rate ℓ = 1 and σ = 4π such that the
self-propelled speed for each swimmer becomes U = 1. This
initial generated system can be seen in figure 6.

Then, the derivative computation method is set as the
Barnes-Hut approximation with θ = 1 using regularization
at ε = 10−6, and the integration computation method is set
as non-adaptive fourth-order Runge-Kutta with an evaluation
time-step of ∆t = 1 seconds and an end time of Tf = 100

seconds.

After running the simulation and processing the produced
dataset using the modules described in section 8, the mean
radial distance plot reflects the movement of swimmers to-
wards the origin before being violently ejected, and this can
be observed in figure 7.
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Figure 4: The coplanar, two-swimmer trajectory plots shown in
figure 8 of Mabrouk and Floryan 2025 (top) and its reproduction
with FINDS (bottom). Note that the two simulations need not exactly
match in time as the observed behavior in each case is stable, thus
only a few repetitions are necessary to observe similar behavior.
Additionally, figure (a) matches the correct behavior, as the original
figure was simply conveying the growing separation between the two
swimmers over time.
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Error vs. Time Validation Plots
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Figure 5: The numerical validation comparison plots of the error
in the simulation versus the time. The top left, top right, and bottom
left plots are two-swimmer, coplanar simulations. The bottom right
plot is a 13-swimmer trajectory from Figure 9(b) of Mabrouk and
Floryan 2025 [4].
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Figure 6: The initial system generated for the implosion example.

0 20 40 60 80 100

Time (seconds)

0

20

40

60

80

M
ea
n
R
a
d
ia
l
D
is
ta
n
ce

(m
et
er
s)

Mean Radial Distance vs. Time

r ± σr

Figure 7: The mean and standard deviation of radial distance as a
function of time for the implosion example.

11 Limitations

FINDS has several critical limitations, and it is key to under-
stand these limitations when performing simulations. The
first key limitation lies in our implementation of the Barnes-
Hut approximation as described in section 3.1. The Barnes-
Hut approximation performs averages at the dipole level de-
spite interactions being computed at the monopole level, so
this approximation introduces a small amount of error (as-
suming short fish lengths and far-field interactions only) that
compounds considerably over time (as was observed in figure
5). A potential solution to this problem would be to switch to
a higher-order (dipole) implementation of the Barnes-Hut ap-
proximation such as that of Marchevsky et al. 2023 [21], but
we have chosen to forego this as the main cases where the ex-
pansion’s error is non-negligible is in close-field interactions
(where the far-field model is already incorrect unless heavily
regularized) and for very large fish lengths (which is patently
unrealistic). Additionally, more importantly, the fundamental
solution to this issue is to simply use a higher-order multi-
pole expansion to perform the approximation, and this can
simply be done by using the fast multipole method instead
of the Barnes-Hut approximation (thus why the fast multi-
pole method produces much less error than the Barnes-Hut
approximation in figure 5).

Additionally, each Morton number is stored as a 64-bit
unsigned integer. These numbers are intended to simultane-
ously encode the x, y, and z positions as unsigned integers,
thus each dimension must be able to be stored in only 21
bits. As the maximum unsigned integer that can be repre-
sented in 21 bits is 221 − 1 or approximately 2.1 million. As
a consequence, two fish whose centers-of-mass are equal in
integral values (i.e., when the float precision is ignored) are
considered to be at exactly the same location during Octree
construction, and the maximum distance that any fish can be
in FINDS (without losing data or corrupting the simulation)
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is 221− 1 on each axis. However, these two issues are largely
negligible for simulations in FINDS. First, FINDS is intended
for far-field interactions, so two fish having the exact same
integral position is incredibly unlikely unless this was directly
intended by the user, and even in such a case, any two fish
with equal Morton numbers simply have a random insertion
order with little to no effect on the velocity calculation. Sec-
ond, it is highly unlikely for fish positions to evolve past the
aforementioned limit over the course of most simulations as
far-field interactions produce typically small velocity fields.

12 Future Work

The most pertinent future addition to FINDS would be the cre-
ation of bindings in other languages such as Python or Julia
such that users can generate simulations and perform simula-
tions in a much more streamlined and flexible way. The next
major change would be implementing in a path-independence
that no longer requires users to clone the FINDS repository
and develop their simulations only within this directory. Tran-
sitioning FINDS to a path-independent system that links as
a library located on the system-level (such as a PIP module
for the Python API or a C library linked globally) that reads
and writes to either the same directory where the script in-
voking FINDS is run from or a separate directory defined by
the user would allow simulations to be localized to simple
scripts or Jupyter notebooks while still taking advantage of
the immense speed of the underlying C code.

Another major potential inclusion into FINDS would be
the implementation of a vortex-based dipole model (like that
of Tchieu et al. 2012) rather than a Coulombic-based dipole
model to widen the range of simulation options for users
as-needed and to allow for the rigorous comparison of the
two models at large N [8].

Additionally, small alternative improvements could be
made in various places throughout the FINDS codebase. An
option to utilize a normal distribution centered around the
middle of a specified range for randomly-selected constants
ℓ and σ (as described in section 6.1) instead of the default
uniform distribution may be a preferable option for some
users due to being considerably more realistic. Furthermore,
as stated in section 11, a dipole-order implementation of the
Barnes-Hut approximation could be implemented.

13 Conclusion

Altogether, we present FINDS, a simple yet powerful N -
body simulator for simulating the evolution of schools of
fish due to passive hydrodynamics. This software enables
the simulation of massive group sizes, potentially millions

or hundreds of millions, by implementing two standard N -
body interaction algorithms: the Barnes-Hut approximation
and the fast multipole method, and these methods reduce the
computational complexity from O(N2) to O(N logN) or
O(N). Furthermore, FINDS is a complete, modular, and sim-
ple software suite for performing and analyzing simulations,
containing several miniature libraries for defining the initial
conditions in C and analyzing the produced data in Python.
A simple utility for performing simulations using pre-defined
simulation files is also included. Given that the benchmark
test proves that FINDS produces the increase in efficiency
that was intended through implementing the Barnes-Hut and
fast multipole method algorithms and that the validation test
proves that FINDS is accurate and precise within the range of
expected error, we introduce FINDS as a capable and robust
simulation system to aid research into massive schools of
fish.
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